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Fig. 1 Comparisonof CPU time required to compute the distance from
Nv points in a volume to the nearest of Ns surface points using an alter-
nating digital tree search and a na¨õ ve search for nine internal � ows.

becomes less ef� cient than an ordered search of the entire surface.
The CPU time required by the ADT search was still lower than the
na ṏ ve search but only by a factor of about four.

Conclusions
An O(Nv log Ns ) method for calculating wall proximity is de-

rived by recasting the problem in a form that takes advantage of an
alternatingdigital tree, an ef� cient geometric search algorithm.The
method is easy to implement and is shown to reduce the CPU time
by two orders of magnitude over the naive approach in the present
examples.
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I. Introduction

F INITE difference and � nite volume methods for solving the
incompressible Navier–Stokes equations are based on either

of two different grid categories: staggered grid or nonstaggered
grid. Using staggered grids1¡3 typically results in stable and robust
solutions.

For generalnonorthogonalmeshes, however, the staggeredmeth-
ods tend to become rather complex, either storing all velocity com-
ponents on every cell face or introducing derivatives of the grid
curvature through the Christoffel symbol.

To avoid these dif� culties, several researchers, for example, see
Ref. 4, investigated nonstaggered methods. These early schemes
had no means of avoiding pressure oscillationsarising from the use
of 2± differences of the pressure.

About 20 years ago, Rhie and Chow5 proposed a procedureusing
a momentum-based interpolation for the cell face mass � uxes in
the continuity equation that closely imitates the staggered practice
by letting mass conservation be expressed in terms of mass � uxes
across cell interfaces. The mass � uxes are driven by 1± pressure
differences across the faces. Hence, velocity–pressure decoupling
cannot occur.

The Rhie–Chow procedure5 gives excellent results for steady-
state problems where a large local time step is used. Majumdar6 im-
proved the � ux interpolationto avoidsolutiondependencyon the un-
derrelaxation parameter of the original Rhie–Chow interpolation.5

For unsteady � ow calculation, however, when using small time
steps, pressure oscillationsmay still appear. This phenomenon was
observed by Ferziger and Peric.7 In the present paper, the origin of
the pressure oscillations is analyzed, and a remedy is proposed.

II. Numerical Method
The incompressible Navier–Stokes equations are solved by a

predictor–corrector method as follows.

A. Predictor Step
The momentum equations are discretized using a second-order

backward differentiation scheme in time and second-order central
differences in space, except for the convective terms that are dis-
cretizedby the QUICK upwinding scheme. The resultingequations
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where x and y are the Cartesiancoordinatesand » and ´ are curvilin-
ear coordinates, AP and Ai are the coef� cients from the spatial dis-
cretizationof convectionand diffusion,and the compass summation
notation

X

EWNS

is adopted. The pressure forces acting on the cell, of volume J , are
tentatively evaluated at prior time t n . Solution of Eqs. (1) and (2)
yields intermediate velocity components, u¤ and v¤, which do not
satisfy mass conservation.

B. Corrector Step
1. Rhie–Chow Interpolation5

The pressure at time tn C 1 may be expressed as a correction
pn C 1 D pn C p0. Introducing the pressure correction into Eqs. (1)
and (2) yields the corrected velocities
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Fig. 1 Pressure contours for � ows past a cylinder at Re = 40: a) new Rhie–Chow interpolation with ±t = 0.001, b) original Rhie–Chow interpolation
with ±t = 0.001, c) original Rhie–Chow interpolation with ±t = 0.005, and d) original Rhie–Chow interpolation with ±t = 0.01.
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with A¤
P D AP C 1:5J½=±t . For notation simplicity, an orthogonal

mesh is considered.
Mass conservationis expressed in terms of mass � uxes across the

cell faces e, w, n, and s:

Gn C 1
1e ¡ Gn C 1

1w C Gn C 1
2n ¡ Gn C 1

2s D 0 (5)

where the � uxes are related to velocity as G1 D uy´ ¡ vx´ and G2 D
vx» ¡ uy» . The correction of cell face � uxes can now be written as
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where B D ¡.x2
´ C y2

´ /±»±´, C D ¡.x2
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» /±»±´, and an overbar

denotes linear interpolation from cell centers to cell faces.
To compute G¤, for example G¤

1e , Rhie and Chow5 proposed the
interpolation
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introducingthe auxiliary� ux F1 D Quy´ ¡ Qvx´ , basedon the auxiliary
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Table 1 Deviation and oscillation of the original scheme about � ows past a circular
cylinder at Re = 40

Deviation Oscillation

Time step u v p u v p

0.01 9.28 £ 10¡5 9.90£ 10¡5 2.28£ 10¡3 4.81£ 10¡6 6.42£ 10¡6 1.81£ 10¡5

0.005 9.32 £ 10¡5 9.92£ 10¡5 2.31£ 10¡3 8.76£ 10¡6 7.75£ 10¡6 4.10£ 10¡5

0.0025 9.33 £ 10¡5 9.93£ 10¡5 2.35£ 10¡3 1.53£ 10¡5 1.09£ 10¡5 8.59£ 10¡5

0.001 9.36 £ 10¡5 9.94£ 10¡5 2.39£ 10¡3 2.63£ 10¡5 1.70£ 10¡5 1.79£ 10¡4

2. Analysis of the Rhie–Chow Interpolation5

Let now ±t ! 0. The auxiliary velocity Qu and Qv and � uxes then
reduce to
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In general, the auxiliary � uxes NF do not satisfy mass conservation.
InsertingEqs. (6) and (7) into the mass conservation[Eq. (5)] yields
the Poisson equation for pressure
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With A¤
P ! 1:5J½=±t , the coef� cients are now proportional to the

time step. Hence, the pressure is inversely proportional to the time
step, that is, jr2 pj ! 1, leading to unphysical behavior of the
pressure at small time steps.

3. New Interpolation
The spurious pressure determined by Eq. (9) and observed by,

among others, Ferziger and Peric,7 originates from the linear inter-
polation Eq. (7) of the term involving un

P and un ¡ 1
P . Because the

corresponding � uxes Gn
1 and Gn ¡ 1

1 are already computed in the
previous time steps, the interpolationis not needed. We propose the
following revision to the interpolation [Eq. (7)]:
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where H is the � ux computed from the revised auxiliary velocity
. Ou; Ov/
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The mass defect based on the revised auxiliary velocities Ou and Ov
vanishes for ±t ! 0, hence making the revised interpolation con-
sistent for all time steps. Note that the revised interpolation con-
tributes no extra dissipationas comparedto the originalRhie–Chow
formulation.5

III. Numerical Results
To test andcomparethe revisedschemeto theoriginalRhie–Chow

formulation,5 laminar � ows past a circular cylinder are computed
by using the � nite volume/multiblock code EllipSys2D/3D.8;9 The
computationalregion ranges 42.5 cylinderdiameters and is covered
by an O-mesh consisting of 128 cells in the radial direction and
192 cells in the tangential direction. The mesh is equidistant in the
tangential direction and stretched in the radial direction with a � rst

Original Rhie–Chow interpolation5

New Rhie–Chow interpolation

Fig. 2 Pressure contours for � ows past a circular cylinder at Re = 200
and time step ±t = 0.0025.

cell height of 0:01766 cylinder diameters. The dimensionless time
step is based on cylinder diameter and freestream velocity.

A. Steady-State Solution at a Reynolds Number of 40
Unsteady computations are performed at a Reynolds number of

40. At dimensionless time 500, the steady-state solution has been
reached.The new interpolationgives a unique solution independent
of the size of the time step.

In Fig. 1, the cell-centered pressure is plotted for different time
steps. Figure 1a shows the pressure computed with the modi� ed
interpolation at a time step ±t D 0:001. No oscillations can be ob-
served.Figures1b–1d show the pressurecomputedwith the original
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Rhie–Chow interpolation.5 From Fig. 1, it is seen that the pressure
oscillations resulting from the original Rhie–Chow interpolation
are most pronounced at small time steps. To quantify the size of
the deviations and oscillations, the following two quantities are
computed:

deviation D 1
V

Z

V

.sRC ¡ sNew/ dv (12)

oscillation D 1
V

Z

V

¡
±2

x C ±2
y

¢
.sRC ¡ sNew/ dv (13)

where sRC and sNew are the solutions computed with the original
Rhie–Chow scheme and the new scheme, respectively. The new
schemegives the same solutionindependentof the time step.Table 1
shows the deviation and oscillation for different time steps. From
Table 1, the deviationsare almost independentof the time step (from
0.01 to 0.001). The oscillations, however, become more important
at decreasing time steps.

B. Unsteady Solution at a Reynolds Number of 200
The � ow past a circular cylinder at Reynolds number of 200 is

computed with a time step ±t D 0:0025. After a dimensionless time
of 200, corresponding to 80,000 time steps, a periodic solution is
reached.

Figure 2 shows pressure contours computed with the modi� ed
and the original interpolationschemes. From Fig. 2, oscillationsare
clearly visible for the original Rhie–Chow interpolation,5 whereas
the modi� ed interpolation displays no oscillations. For the force
coef� cients, the new interpolation gives almost the same values as
the original interpolationscheme, except that the mean value of CD

is increased with about 0:25%.

IV. Conclusions
The origin of pressure oscillations produced by the Rhie–Chow

procedure5 when running at small time steps has been revealed. A
revised procedure for the interpolation of cell face � uxes is pro-
posed. Oscillationsare succesfullyeliminated by the revised proce-
dure.The new interpolationscheme contributesno extra dissipation
as compared to the Rhie–Chow procedure. The revised procedure
is consistent for all time step lengths and can be used for other
methods based on collocated grids, for example, the fractional step
method.
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Nomenclature
b = grid bar diameter
Cy = side-force coef� cient, Fy=.0:5½U 2

1 S)
CyD = local side-force coef� cient, local side

force=.0:5½U 2
1 D sin2®)

D = cylinder diameter
Fy = side force
I = turbulence intensity; Ix is the longitudinal turbulence

intensity in freestream direction, ¾x=U
L = turbulence length scale; L x is the longitudinal

turbulence length scale in the freestream direction
M = mesh-opening length
P = pressure on model surface
P1 = freestream static pressure
R = autocorrelationcoef� cient
ReD = Reynolds number, U1 D=º
S = model base area, ¼ D2=4
T = timescale
U = time-averaged freestream velocity
X = axial distance from model nose tip
x = distance downstream from the grid
® = angle of attack
µ = azimuth angle around circular cross section

measured from the most leeward position
º = kinematics viscosity of � uid
½ = density of � uid
¾x = standard deviation of the freestream velocity
¿ = time difference
Á = roll angle

Introduction

F REESTREAM turbulenceis known to affect the side force act-
ing on ogivecylinderspitchedat high angles of attack for many

years. For instance, Lamont and Hunt1 found in their investigation
that freestream turbulence caused the switching of the asymmetric
� ow states, resulting in a substantially smaller time-averaged side
force. This � nding was supported by Hunt and Dexter,2 who con-
ducteda study that includedboth high and low turbulenceintensities
(Ix D 0:7–0.01%) and found that the switching has disappeared in a
“quieter”environment.In a later studyHoward et al.,3 who used four
turbulence generating grids to modify freestream turbulence inten-
sity and length scale, also found that increased turbulence intensity
substantially reduced the maximum induced side force. However,
not everyone seems to agree with the preceding � ndings. Wardlaw
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